SETTLEMENTS IN TOURNAMENTS

A problem worthy of attack, proves its worth by hitting back.  Paul Erdös (1913-1996), Hungarian born mathematician

Before going into the math of settlements, here is a list of reasons that may make you not want to settle:

1.  You think you are a better player, on average, than the other players.

2.  You have good position relative to the button in a game with blinds.

3.  You have good position on the most active player.

4.  You are not tired, but you think your opponents are.  Tournamentsxe "tournaments:settlements" can be grueling.

5.  You are bothered less by the money or tournament pressure than your opponents are.

6.  Turning down a settlement may intimidate your opponent 

7.  You main motivation may be winning the tournament.  You can put pressure on players who are trying to maximize their money gain and will avoid taking risks that may cause them to go busted.  This applies to settlements when there are three or more players left in the tournament.

8.  If instead, your main motivation is to maximize your profit, you will have an advantage in doing this over players whose main motivation is a tournament win.

Even still, you may want to know what the fair price is, so you can judge if you are given an offer that is too good to refuse.

It is not clear whether players with big stacks or small stacks have a playing advantage that would not be realized in an analysis that has players playing showdown for an ante.  Players with big stacks can manipulate players with smaller stacks, who are trying to avoid being the next one out.  Players with small stacks have the advantage of not getting knocked out of a hand, once they are all in, and other players still have chips to bet.

Some troubling examples:

Example 1:  Bets larger than the smallest stack size.

Player A has 50 chips, Player B has 49 chips, Player C has 1 chip.  If everyone goes all in, Player C will come in second whenever he wins and Player A beats player B.  This happens 1/6 of the time.  (Player C is also in good shape for second place the 1/6 of the time he wins and Player B beats player A)

Example 2:  Players getting knocked out in multi-way pots, while another player hangs in with only a few chips. 

The game has an ante and everybody at the final table has the amount of the ante, except that you have one more chip than they have.  You are a lock to get at least second place money, if there are no ties.  If ties are allowed, the player with the extra chip will have a lower expectation, the higher the frequency of ties.

In the real world, even in non-button games, position makes a difference.  You may throw away what is surely the best hand if several people go in ahead of you, so that you can move to a higher payout position. You should fold Aces in a supersatellite where the first few finishers receive the same amount, and you could go broke and other stacks are small.

As is often the case, we will have to decide on a mathematical model that is a good approximation of the real world, but is not perfect.

Consider a two-player game in which Player 1 has m chips and player 2 has n chips.  If they gamble one chip at a time, what is the probability for either of them winning all of the chips?  Although you may think the answer is obvious, you should notice the difference between this problem and the problem of points, posed to Fermat by Pascal in 1654.

Problem of Points 

Consider two players, gambling for one point at a time, each with an equal chance of scoring a point. The first player needs m points to win and the second player needs n points to win.  What is the probability of the first player winning?

If you think the answer to the problem of points is some fraction with a denominator of (m + n), you would be mistaken.  If, for example, the first player needs 1 point and the second player needs 2 points, the first player will win half of the time in the first encounter, and half of the remaining half in the second encounter.  So the first player will win ¾ of the time.

Pascal found the general solution can be obtained by adding up the first n binomial coefficients of order m + n – 1, and dividing by the sum of the all of the coefficients of order m + n – 1.   The number m + n – 1 is derived from the fact that the game will end on or before m + n – 1 points are scored.  For example, if the first player needs 4 points to win and the second player needs 6 points to win, we use the binomial coefficient of the 9th order, which are 1, 9, 36, 84, 126, 126, 84, 36, 9, and 1.  So 

         P(first player winning)
=  (1 + 9 + 36 + 84 + 126 + 126)/512

=   382/512





≈   .746










 

Of course, the probability of the second player winning is the complement of this, which is approximately .254.

The tournament settlement problem is not like the problem of points because a player has to give up chips he has won when he loses a pot.  The key idea for solving this problem is the recognition that if a player has n chips, and he is in a pot where he can gain a chip or lose a chip with equal probability, then 

P(win from n chips) =  ½ P(win from n – 1 chips) + ½ P(win from n + 1 chips).

This is a specific case of a Random Walk Method, in which probabilities are calculated using the probability of taking one step to a new position along with the probabilities at those new positions.

We can use the Random Walk Method to generate a complete system of T + 1 equations, where T is the total number of chips in play.  We will shorten our notation and use P(n) to mean the probability of winning the tournament from the point of having n chips. 

P(0) = 0.

P(1) = ½ P(2).

P(2) = ½ P(1) + ½ P(3).

…

P(n) =  ½ P(n – 1) + ½ P(n + 1).

…

P(T – 2) = ½ P(T – 3) + ½ P(T – 1).

P(T – 1) = ½ P(T – 2) + ½.

P(T) = 1.

Notice that two different functions that satisfy the Random Walk equation

 P(n) = ½ P(n – 1) + ½ P(n + 1) 

 are P(n) = n and P(n) = 1.

It may seem like a lucky guess to notice that P(n) = n works, but it is no more insightful than realizing that an integer is equal to the average of its two adjacent neighbors.  This leads us to a family of linear solutions to the Random Walk equation,

       P(n) = A + Bn, for constants A and B.

Since the endpoints, P(0) = 0 and P(T) = 1, need to be satisfied, we get A = 0 and B = 1/T, by substituting in the values 0 and 1 for n.

Therefore, P(n) = n/T, is a solution for the system of T + 1 equations.

To show that the solution is unique, we note that each P(n) can be expressed in terms of P(n + 1), using substitution from our system of equations.  To be specific, we see that P(1) = ½ P(2),  P(2) = 2/3 P(3), P(3) = ¾ P(4), … , P(n ) = (n /( n + 1))P(n  + 1).  If we ever deviate from P(n) = n/T, we will not end up with P(T) = 1.

This generalizes to the case where we have more than one opponent, but playing with only two players in a pot, since the Random Walk equations would still be the same, no matter who a player is playing against.

If three players play a pot together, we have the equation

P(n) = 2/3 P(n – 1) + 1/3 P(n + 2).

We need to make sure that this equation is consistent with P(n) = n/T.  Substituting, on the right hand side of the equation, we get

P(n) = 2/3((n  – 1)/T) + 1/3((n + 2)/T)

        = (2/3 n + 1/3 n  – 2/3 + 2/3)/T

        = n/T.

A similar calculation works for any number of players in the pot.

Additionally, if two opponents put two chips in the pot instead of one, we have the equation

P(n) = ½ P(n – 2) + ½ P(n + 2),

which is again consistent with P(n) = n/T.

If more than two players put two or more chips in the pot, side pots need to be created so that no player can get action on more money than he has.  There may be multiple pots and each pot will be determined separately.  We can make rules for ties and funny rules for distributing chips in a pot, e.g., second highest hand gets 2/3 of a pot, the two lowest hands are considered a tie for the low part of a pot and each get 1/6 of a pot.  Each player is entitled to distribution from only pots he had enough chips to be involved in.  Odd chips have to be distributed randomly.  The odd chips could be given to winners in a pot or losers, but only to players who are involved in a pot.  As long as the method provides a method of changing chip amounts, so that the tournament will end, and the expected change for any player from any chip count is 0, we have not altered the fact that the chip counts and the probability of winning the tournament are the one in the same, once we normalize by dividing by T. 

All of these considerations verify the expected result: the proportion of the total chips is the probability of winning the tournament.

Settlements for two players

We have shown that the proportion of each player’s chips determines the probabilities for first place.

Example.  Player 1 has 62,000 in chips and Player 2 has 38,000 in chips.

    First place pays $40,000 and second place pays $20,000.

Settlement for Player 1  =  (.62)($40000) + (.38)($20000)

                                       =   $24800  +  $7600

                                       =    $32,400

Settlement for Player 2   =  (.38)($40000) + (.62)($20000)

                                        =   $15200  +  $12400

                                        =   $27,600

Settlements for three players

In all discussions of tournament settlementsxe "tournaments:settlements", we will assume that the higher the finish in the tournament, the higher the prize.  We have already shown that the probabilities of coming in first place are proportional to the chip amounts.  If we can determine each player’s probability of coming in second place, we will be able to calculate the proper settlements.  The examples at the beginning of the chapter show strange results when all three players are allowed to play in a pot at the same time.  If we can restrict to the case where only two randomly selected players are allowed to play a pot at the same time, then we hope to get the result that the probabilities of coming in second, given the winner, are proportional to the chips of the other players.

Let’s assume two players, randomly selected, play for one chip at a time.

Let’s look at a simple example.  Player 1 has 2 chips.  Player 2 has 1 chip, and Player 3 has 1 chip.  We will use the notation Pij is the probability of Player i coming in place j.
  

The probabilities of each player coming in first place are proportional to the amount of chips.

P11 = 1/2, P21 = 1/4, and P31 = 1/4.

We might expect that when Player 2 comes in first, Player 1 would beat out Player 3 for second place with probability 2/3, since Player 1 started with twice as many chips as Player 3.  If this is true, then when Player 3 comes in first, Player 1 also beats out Player 2 for second place 2 with probability 2/3.

So P12 = (¼)(2/3) + (¼)(2/3) = 1/3.  This implies P13 = 1/6, because all of the probabilities for Player 1 have to add up to 1.

Since P12 = 1/3, then the other players split up the other 2/3 of the remaining second place probability.  So P22 = 1/3 and P32 = 1/3.

The entire probability matrix for this case is

1/2    1/3     1/6

1/4    1/3     5/12

1/4    1/3     5/12.

This is called the conditional probability method, since we assume on the condition we know the first place finisher, the proportion of chips between the other two players determines the probabilities of coming in second place.

Now we will test whether our assumption is valid.  Without making this assumption, let’s see if we can figure out P13, the probability of Player 1 coming in third.

Let x = P13 for simplicity.  Then the other players split the remaining 1 – x of the third place probability, which means P23 = (1 – x)/2 and P33 = (1 – x)/2.

Starting with the chip distribution (2, 1, 1) for the three players, there are six equally likely outcomes after the next hand.  We will call these outcomes states. The six adjacent states to (2, 1, 1) are

(3, 0, 1)              Player 1 beats Player 2

(1, 2, 1)              Player 2 beats Player 1

(3, 1, 0)              Player 1 beats Player 3

(1, 1, 2)              Player 3 beats Player 1

(2, 2, 0)              Player 2 beats Player 3

(2, 0, 2)              Player 3 beats Player 2

In four of the six states Player 1 will not come in third, because one of the other players got knocked out.  In the remaining two states, Player 1 has one chip.  We know that in a (2, 1, 1) chip distribution, players with one chip come in third with probability    (1 – x)/2.

So the equation for P13 is

             x =  0 + 1/6 (1 – x)/2  + 0 + 1/6 (1 – x)/2 + 0 + 0

Multiply both sides by 12 and we get 12x = (1 – x) + (1 – x).

Add 2x to both sides, and then divide both sides by 2, to get x = 1/7.

Therefore P13 = 1/7, contradicting our assumption.  Since all of the rows and columns must add to one, the correct probability matrix for this case is

1/2    5/14    1/7

1/4    9/28    3/7   

1/4    9/28    3/7

What if the chips are distributed (4, 2, 2)?  Since the chip proportions are the same as the (2, 1, 1) case, we hope the probability matrix is the same.

The calculations are going to be very tedious, and it is not important to read them, but they are included to show how the results were obtained.

Let  x = P13.

We will have to figure out the probabilities of Player 1 coming in third for the following states:

(6, 1, 1)  

(5, 2, 1)    (5, 1, 2) 

(4, 2, 2)

(4, 3, 1)    (4, 1, 3)

(3, 4, 1)    (3, 1, 4)

(3, 3, 2)    (3, 2, 3)

(2, 5, 1)    (2, 1, 5)

(2, 4, 2)    (2, 2, 4)

(2, 3, 3)  

(1, 6, 1)    (1, 1, 6)

(1, 5, 2)    (1, 2, 5)

(1, 4, 3)    (1, 3, 4)

States that are shown on the same line, have the same probability for Player 1 coming in third.  Whenever a state, (a, b, c), in used in an equation, it will mean “the probability of Player 1 coming in third from state (a, b, c).”  For example, x = (4, 2, 2).

To simplify the calculations that are to follow, we will define y = (6, 1, 1) and z = (2, 3, 3).  This immediately leads to

(2, 4, 2) = (2, 2, 4) = (1 – x)/2

(1, 6, 1) = (1, 1, 6) = (1 – y)/2

(3, 3, 2) = (3, 2, 3) = (1 – z)/2

Notice we didn’t show any state with a zero for an entry, because we know that if the entry for Player 1 is zero, then he came in third with probability 1.  If an entry for either of the other two players is zero, then the probability of Player 1 coming in third is 0.

We don’t have to worry about states with two zeros, because we assumed three players wouldn’t play a pot at the same time.  Therefore two players can’t go broke at the same time.

We will write equations for each of the states, in terms of x, y, and z, using the fact that every state has six neighboring states, with each reachable with probability of 1/6.  Our goal is to get three independent linear equations in terms of x, y, and z.  If we can do this, we will be able to find the value of x. 

Equation for adjacent states of (6, 1, 1):

y = 0 + 1/6(5, 2, 1) + 0 + 1/6(5, 1, 2) + 0 + 0

So  (5, 2, 1) = 3y.  (Of course (5, 1, 2) also equals 3y, since (5, 2, 1) = (5, 1, 2).)

Equation for adjacent states of (5, 2, 1):

3y = 1/6 y + 1/6 (4, 3, 1) + 0 + 1/6 x + 0 + 1/6 (3y)

Multiplying through by 6 yields:  18y = y + (4, 3, 1) + x + 3y.

Therefore (4, 3, 1) = –x + 14y.

Equation for adjacent states of (4, 2, 2):

 x = 1/6 (3y) + 1/6 (1 – z)/2 + 1/6 (3y) + 1/6 (1 – z)/2 + 1/6 (–x + 14y) + 1/6(–x + 14y)

6x = 3y + ½ – z/2 + 3y + ½ – z/2 – x + 14y – x + 14y

8x = 34y – z + 1

z =  –8x + 34y + 1

Equation for adjacent states of (4, 3, 1):

–x + 14y = 1/6 (3y) + 1/6(3, 4, 1) + 0 + 1/6 (1 – z)/2 + 0 + 1/6 x

Multiplying both sides by 6 yields:  –6 x + 84y = 3y + (3, 4, 1) + 1/2 – z/2 + x.

Therefore (3, 4, 1) =  –7 x + 81y + z/2 – ½.

Equation for adjacent states of (3, 4, 1):

–7 x + 81y + z/2 – ½ = 1/6(-x + 14y) + 1/6 (2, 5, 1) + 0 + 1/6 (1 – x)/2 + 0 + 1/6(1 – z)/2

 –42 x + 486y + 3z – 3 =  –x + 14y + (2, 5, 1) + ½ – x/2 + ½ – z/2.

So (2, 5, 1) = –81/2 x + 472y + 7/2 z – 4.

Equation for adjacent states of (2, 5, 1):

–81/2 x + 472y  + 7/2 z – 4

        = 1/6(–7x  + 81y + z/2 – ½) + 1/6 (1 – y)/2 + 0 + 1/6 (1, 5, 2) + 0 + 1/6(1 – x)/2.

–243x  + 2832y + 21z  – 24 =  – 7x + 81y + z/2 – ½ + 1/2 – y/2 + (1, 5, 2) + ½  – x/2.

(1, 5, 2) =  –471/2 x + 5503/2 y  + 41/2 z – 49/2.

Equation for adjacent states of (1, 5, 2):

–471/2 x + 5503/2 y + 41/2 z – 49/2

    = 1/6 (1 – x)/2 + 1/6(1) + 1/6 (–81/2 x + 472y + 7/2 z – 4) + 1/6(1) + 1/6(1 – y)/2 + (1, 4, 3)

–1413 x + 16509y  + 123 z – 147 

        = ½ – x/2 + 1 – 81/2 x + 472y + 7/2 z – 4 + 1 + 1/2 – y/2 + (1, 4, 3)

(1, 4, 3) =  –1372 x  + 32075/2 y + 239/2 z – 146

Equation for adjacent states of (1, 4, 3):

–1372x  + 32075/2 y + 239/2 z – 146 = 1/6 z + 1/6 (1) + 1/6 (1 – x)/2 + 1/6 (1) 






 
+ 1/6(–471/2 x + 5503/2 y + 41/2 z – 49/2)







+ 1/6(–1372 x  + 32075/2 y + 239/2 z – 146)

–8232x + 96225y + 717z – 876 =  z + 1 + 1/2 – x/2 + 1 

                                                         – 471/2 x + 5503/2 y + 41/2 z – 49/2 

–1372 x + 32075/2 y + 239/2 z – 146

576 z = (8232 – 1/2 – 471/2 – 1372) x

                                 + (–96225 + (5503 + 32075)/2)y + (876 + 1 + ½ + 1 – 49/2 – 146)

576 z =  6624 x  + (–96225 + 18789)y + 708

z =  (6624 x –77436 y + 708)/576

z = (552x – 6453y + 59)/48

Equation for adjacent states of (2, 3, 3)

z = 1/6 (1 – z)/2 + 1/6(–1372 x  + 32075/2 y + 239/2 z – 146)  

        + 1/6 (1 – z)/2 + 1/6(–1372 x  + 32075/2 y + 239/2 z – 146)

         + 1/6 (1 – x)/2 + 1/6 (1 – x)/2

6z = 1 – z – 2744x + 32075y + 239z – 292 + 1 – x 

232z = 2745x – 32075y + 290

z = (2745x – 32075y + 290)/232

We now have three independent equations:

z = – 8x + 34y + 1

z = (552x – 6453y + 59)/48

z = (2745x – 32075y + 290)/232

Substituting the value for z from the first equation into the second equation yields:

48(– 8x + 34y + 1) = 552x – 6453y + 59

(1632 + 6453)y = (384 + 552)x + (59 – 48)

y = (936x + 11)/8085

Substituting for y and z into the third equation yields:

 –8x + 34((936x + 11)/8085) + 1 = (2745x – 32075((936x + 11)/8085) + 290)/232

Multiplying both sides of the equation by (8085)(232) gives

– (8)(8085)(232)x + 34(936)(232)x + 34(11)(232) + (8085)(232)

                  = (8085)2745x – 32075 (936)x –  (32075)(11) + (8085)(290)

(8085)(2745 + 8(232))x – (936)(32075 + 34(232))x = 

                    232(34(11) + 8085) + (32075)(11) –  (8085)(290)

(8085)(2745 + 1856)x – (936)(32075 + 7888)x 

                              = 232(374 + 8085) + (32075)(11) –  (8085)(290)

(8085)(4601)x – (936)(39963)x =  232(8459) + (32075)(11) –  (8085)(290)

(37199085 – 37405368)x = 1962488 + 352825 – 2344650 

206283x = 29337

Dividing through by 231 yields  893x = 127.

So x = 127 / 893 ≈ .1422.

Since this is not equal to 1/7, we have shown that we cannot find a solution to the multiple-player settlement problem, using only the chip totals.  (The result was within 1% of 1/7, but using a computer program that simulates tournaments we can find examples with more drastic differences.)


If we had a computerxe "computer:tournament settlements" program that ran a simulation using different bet sizes, it would be useful but not entirely accurate.  In limitxe "limit poker:tournament settlements" poker, where the amount bet each hand is a multiple of the betting structure, we need to determine the amount need to play a complete hand.  For example, if the structure late in a limit hold’emxe "limit hold’em:tournament settlements" tournament is 4000–8000, approximately 28000 in chips is needed to play a hand.  If Player 1 has around 56,000, Player 2 has around 28,000, and Player 3 has around 28,000 we would use the (2, 1, 1) probability matrix that was generated earlier to approximate the settlement.  The matrix is repeated here:

1/2    5/14    1/7

1/4    9/28    3/7   

1/4    9/28    3/7

If the first three places in the tournament pay $40,000, $20,000, and $10,000, then the approximate settlement amounts are

Settlement for Player 1 =  (½)($40000) + (5/14)($20000) + (1/7)($10000) ≈  $28,571

Settlement for Players 2 & 3 =  (¼)($40000) + (9/28)($20000) + (3/7)($10000) ≈ $20,714

 (note to me: need to write a Monte Carlo simulation to verify results)

 (Not sure if I should do this at this point or earlier, but I will show simulation data with chip amounts and different bet sizes, including all-in every hand, to us as a guide for three and four person settlements.)

Example:  Player 1 has 36,000, Player 2 has 30,000, Player 3 has 21,000, and Player 4 has 13,000 in chips.  The payouts are $40,000, $23,000, $13,000, and $10,000.

A Monte Carlo simulation gives these results: 
Note: I had to stop working on this program until I finished the book.
Results and program to be provided

Players who want a programmable solution should use the Monte Carlo simulation with the bet size equal the amount needed to play a hand with betting on each street in a limitxe "limit poker:tournament settlements" game.  For no-limitxe "no-limit poker:tournament settlements" and pot-limit, two simulations should be run to get a settlement range, one with the bet size equal to the big blind and one where the two players go all-in each hand.
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